Abstract: A numerical scheme for simulating three-dimensional viscoelastic flow was developed. The three-dimensional finite volume method (FVM) based on a non-staggered grid and the semi-implicit method for pressure-linked equations (SIMPLE) were adopted to solve the continuity and momentum equations. As we used a non-staggered grid, the momentum interpolation method (MIM) was employed to avoid checkerboard type pressure fields. Viscoelastic properties of the fluid were described by the Phan-Thien and Tanner (PTT) model, which was treated by the compressive interface capturing scheme for arbitrary meshes (CICSAM). The elastic viscous split stress scheme (EVSS) was used to decouple the velocity and the stress fields. Algebraic equations obtained by the above schemes were handled by an iterative solver and a multi-grid method was applied to accelerate convergence. In order to verify the scheme developed in this study, Newtonian flow in a rectangular duct was studied and the resulting velocity fields were compared with the analytical flow fields. Then viscoelastic flow in 4:1 contraction geometry, one of the most frequently used benchmarking problems, was predicted by applying the fully three-dimensional finite volume method.
Introduction
It is well known that viscoelastic flow through a sudden contraction (entry problem) shows a behaviour different from that of a Newtonian fluid, so a flow problem of this kind is frequently used to investigate the characteristics of viscoelastic flow. The entry problem has been used to test the physical relevance of a constitutive model or the robustness of a numerical method as well as to improve the design of extrusion die and injection mold, which usually have abrupt changes of flow paths. A large number of experimental investigations [1, 2] and two-dimensional numerical simulations [3] [4] [5] [6] [7] on the flow behaviour of various viscoelastic models have been performed for the entry problem. These two-dimensional analyses assumed an infinite length in one dimension, but the real flow problem needs three-dimensional simulation of the flow field because it has finite boundaries.
Early attempts for the numerical prediction of flow fields were based on the finite difference method (FDM). But the method has a handicap because it is very difficult to apply the FDM to complex geometries. Therefore, many researchers adopted the finite element method (FEM) in two-dimensional analyses [8] [9] . Because the viscoelastic flow simulation requires huge computing power, efforts have been continued to find more economic and efficient methods. In that respect, the finite volume method (FVM), which is widely used in computational fluid dynamics [10] , was tested by some research groups due to its advantage of using small amounts of computer resources. Since they usually used a staggered grid to avoid a checkerboard pressure field, it was very difficult to apply the FVM to non-orthogonal mesh systems. Both FEM and FVM have been improved by many researchers and viscoelastic flows were calculated by using both numerical methods with three-dimensional meshes [11] [12] [13] . As the viscoelastic flow simulation required long time to reach a solution, the multi-gird method was applied to two-dimensional cases [7] .
It is an interesting task to study how to deal with viscoelastic constitutive equations coupled with the momentum equations. Advanced numerical schemes were developed and the elastic viscous split stress scheme (EVSS) and its modified versions have been widely used together with FVM [8, [14] [15] .
Although the constitutive equation is of hyperbolic nature, the same FVM code as that used in solving the momentum equation was applied in solving the constitutive equation. Since the momentum equation was of elliptic nature, false diffusion was caused. Errors occurred in calculating not only the stress field but also the velocity field because the stress field affects the flow field significantly especially when the flow becomes more elastic [16] .
In this study, the three-dimensional flow field in rectangular contraction geometry was predicted numerically by the finite volume method by using a non-orthogonal mesh system. The constitutive equation was solved by the compressive interface capturing scheme for arbitrary mesh (CICSAM), which could yield non-diffusive solutions, and the EVSS scheme was used to deal with the coupled system of equations. The nonlinear partial differential equations were converted to a set of linear algebraic equations and solved by the full approximation storage (FAS) scheme to improve accuracy and convergence.
Mathematical modelling
In the present study, steady incompressible viscoelastic flow was considered. The flow behaviour of a viscoelastic fluid is governed by the mass and linear momentum conservation laws. Conservation of mass for an incompressible fluid is expressed by the following vector differential equation
where v is the velocity vector of the fluid. Conservation of linear momentum is given by the following vector equation
where σ is the Cauchy stress tensor, p is the pressure, ρ is the density, δ is the unit tensor, and S is the extra stress tensor.
The constitutive equation of the Phan-Thien and Tanner (PTT) model is written as follows
where η N is the Newtonian-contribution viscosity, D is the strain rate tensor and τ is the polymer-contribution stress tensor,
where λ is the fluid relaxation time, η m0 is the polymer-contributed viscosity, and is the upper convected derivative of the stress tensor:
where is the velocity gradient tensor and ξ and ε are the material parameters for the PTT model.
To solve the above non-linear equations, the EVSS formulation is adopted. The extra stress is recast as
where the elastic stress tensor Σ is defined as
Thus, the following equation is derived
where β is the retardation ratio defined by
and the zero-shear rate viscosity of the fluid, η 0 ,
Substituting above equations into the equations of continuity and motion yields ( )
Above non-linear partial differential equations are converted to a set of linear algebraic equations by means of numerical schemes shown in the next chapter.
Numerical methods
The continuity equation and the equation of motion are solved by the finite volume method in which the concept of generalized conservation law is applied. The continuity equation and the equation of motion can be expressed in the form of the generalized transport equation and will be solved in each control volume.
Discretization of continuity equation and momentum equations
The continuity equation (1) and the modified equation of motion (11) are discretized. The continuity equation can be expressed in discretized form as follows,
where (δA) f is the outward normal area vector of the face f, v f is the velocity at the face f, and F f represents the volume flux at the cell face f.
The modified momentum equation in x direction can be written as
where u is the x-directional component of the velocity vector and Σ ij is the elastic stress tensor component defined in Eq. (9) . Using the finite concept of gradient, the discretized momentum equation in x direction is obtained: (18) where subscript N is the neighbour cell to the specific cell P and these cells share a common face f. (∆V) P is the volume of cell P, D f is the diffusion coefficient for viscous stress, which includes geometric information, and S f,u non is a secondary diffusion term for x-directional viscous force at face f. Following the discretization procedure described by Seo et al. [10] , the final equation of motion in the x direction can be obtained as follows:
where a N is the influence coefficient of the neighbour cell, which means the diffusivity of a physical quantity.
The y-and z-directional momentum equations can be discretized in the same manner. The final momentum equation in the discrete form is derived.
The above equation is under-relaxed to improve the convergence. For iteration of velocity vector components, the final equation is obtained by combining above equations:
where α v is a velocity under-relaxation factor with a value between 0 and 1 and v (n -1) represents the velocity from the previous iteration.
The velocity field is calculated from the momentum equations and the stress is predicted from the constitutive relations but the pressure field cannot be obtained directly. The pressure profile can be predicted by constructing the relation between the pressure field and the continuity equation. Various schemes have been developed but the semi-implicit method for pressure-linked equation (SIMPLE) [17] is selected. The momentum interpolation method proposed by Rhie and Chow [18] is adopted and the velocity field is interpolated by the momentum equation to avoid velocity decoupling.
Discretization of the constitutive equation
The constitutive equation is of hyperbolic nature. Previous researchers used the FVM with upwind scheme but the upwind scheme has the problem of false diffusion. CICSAM [19] was applied to solve the constitutive equation in order to get a more accurate stress field.
Two different schemes are chosen for CICSAM depending upon the flow direction and the interface orientation, i.e., the Hyper-C (HC) scheme and the UltimateQuickest (UQ) scheme.
If the variable of our concern is f, the HC scheme can be represented as follows:
where c is the Courant number of the centre cell, subscripts C and f refer to the centre cell and the cell face between centre and downwind cell, respectively. The UQ scheme can be expressed as below:
CICSAM switches smoothly between these two schemes by using the weighting factor γ f , as shown below.
where γ f is calculated based on the angle θ f between the vector normal to the interface and the flow direction:
k γ is a positive number introduced to control the dominance of the different schemes.
After the normalized face volume fraction is obtained, f f 0 is reconstructed as follows.
The fractional volume function f is calculated at the boundary as follows:
where r Pb is the vector from P to point b.
Following the above numerical schemes, a set of linear algebraic equations was constructed and these were solved by the Gauss-Seidel iteration method and the multi-grid method was applied to boost up the converging speed. 
Results and discussion
The Newtonian flow in a long rectangular duct was simulated and the calculated velocity field was compared with the analytic solution [11] to verify the robustness of the program as shown in Fig. 1 . The figure presents the velocity profile in a long channel, which has a square cross section, and the predicted result agrees well with the analytic solution.
The viscoelastic fluid used in this study was modelled by the Phan-Thien and Tanner model for its numerical stability in calculating the flow field in a geometry that has singular points [11] . The parameters for the PTT model were taken from the experimental results of Quinzani et al.
[1] and are listed in Tab. 1.
Tab. 1. PTT model parameters used in the simulation
The rheological data for the PTT model were measured for 5.0 wt.-% polyisobutylene in tetradecane. The experimental data were fitted by the upper convected Maxwell model and they were utilized to determine the parameters of the PTT model employed in this study. For the purpose of investigating the three-dimensional flow properties, the cross section of the flow channel should have an aspect ratio close to unity [11] . The upstream of the duct chosen for the study has a square boundary whose dimension is 40 mm × 40 mm and the square duct contracts to a rectangular duct with dimensions of 40 mm × 10 mm. Since the multi-grid method was employed, the channel was meshed into 600 nodes and 380 hexahedron elements initially and the mesh was refined to 3773 nodes and 2880 elements as shown in Fig. 2 . The flow conditions in the narrow channel were used as scaling parameters in the numerical simulation. The characteristic shear rate is defined as
where <v z > is the average velocity in the narrow channel and Q is the volumetric flow rate. To describe the inertial and elastic effects on the flow field, dimensionless numbers, i.e., Reynolds number and Debora number were employed, respectively. The zero-shear-rate values of the Reynolds and Debora numbers are defined as
where the parameter values are given in Tab. 1. Using the above conditions the flow simulation was carried out. The predicted pressure profile is shown in Fig. 3a in which the pressure drops slightly in the upstream region, drops abruptly near the contraction plane, and linearly decreases with respect to the z coordinate. Velocity profile and streamlines near the contraction plane are of main concern in investigating viscoelastic phenomena in 4:1 contraction geometry [5] . The centre plane velocity profile in main flow direction (z direction) is plotted when the average velocity at the inlet is 5.35·10 -3 m/s and the corresponding Debora number and Reynolds number are calculated as 0.4 and 0.08, respectively, in Fig. 3b . In the figure, the flow shows a fully developed velocity profile near the contraction plane. Although a fully developed Poiseuille velocity profile was assumed as the inlet boundary condition and the viscoelastic model (PTT model) was employed for flow simulation of the entire calculation domain, no major change in the velocity field was observed in the upstream region. To observe the flow field in detail, the streamline and velocity vectors at the centre plane (x = 0) are shown in Fig. 4 . As shown in the figure, the velocity grows rapidly after the contraction plane and a vortex is observed in the corner. As the PTT model was used, only the corner vortex was predicted and the lip vortex was not anticipated [11] . Due to the three-dimensional numerical scheme, three-dimensional stream lines were obtained as shown in Fig.  4b . In two-dimensional analysis assuming infinite width, the corner vortex appears as a closed loop, but out-of-plane stream lines were obtained near the contraction plane by the fully three-dimensional analysis. The three-dimensional flow behaviour is shown more clearly in Fig. 5 . The stream lines penetrate through the plane of x = 0.01 and show complex three-dimensional flow patterns, which cannot be obtained by the two-dimensional simulation [4] [5] . In contrast to the two-dimensional analysis, all six components of the stress tensor can be predicted by the three-dimensional simulation. The y-directional normal stress contours are presented in Fig. 7 and maximum compressive stress is predicted just before the contracting plane, which is similar to other results reported by a previous study [20] . The z-directional normal stress profiles are given in Fig. 8 . A tensile stress field occurs at the centre part near the contraction plane and a compressive stress field occurs near the contracting corner. 
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Conclusions
The flow behaviour of a viscoelastic fluid through a 4:1 sudden contraction has been studied using a three-dimensional finite volume scheme. Numerical results showed the existence of three-dimensional secondary flows and the necessity of fully threedimensional analysis was identified. As the co-located grid was used with the help of momentum interpolation of velocity, more complex geometries, which can be hardly dealt with by the staggered gird system, were handled by the FVM code. CICSAM scheme was adopted in solving the constitutive equations. Since the method is nondiffusive, it can be used to obtain more accurate stress and flow fields.
